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ON THE CONVERGENCE OF AN ITERATION PROCESS FOR
NONSELF TOTALLY ASYMPTOTICALLY I-QUASI-NONEXPANSIVE
MAPPINGS

BIROL GUNDUZ AND HEMEN DUTTA

ABSTRACT. In this paper, we first define nonself total asymptotically I-nonexpansive
mappings and nonself total asymptotically I-quasi-nonexpansive mappings. Then,
we prove weak and strong convergence theorems of a composite iterative process
to a common fixed point of nonself total asymptotically quasi-nonexpansive map-
pings and nonself total asymptotically I-quasi-nonexpansive mappings, defined on
a nonempty closed convex subset of uniformly convex Banach space.

1. INTRODUCTION

Fixed point theory itself is a beautiful mixture of analysis, topology and geometry.
Over last few decades, fixed point theory has been revealed itself as a very powerful and
important tool in the study of nonlinear phenomena. Fixed point techniques, in particular,
have been applied with success in diverse fields such as in economics, biology, chemistry,
engineering and technology, game theory and physics. Let E be a real Banach space with
K its nonempty subset. Let T': K — K be a mapping. A point z € K is called a fixed
point of T iff Tx = x. In this paper, N stands for the set of natural numbers. We will also
denote by F (T) the set of fixed points of T', that is, F (T) = {z € K : Tz = 2} and by F'
:= F(T)N F (I), the set of common fixed points of two mappings 7" and I. Let K be a
nonempty closed subset of a real normed linear space X. Then

(1) T is said to be nonexpansive if ||Tx — Ty|| < || — y|| for all z,y € K.

(2) T is said to be asymptotically nonexpansive if there exists a sequence {kn} C
[1,00) with limy 00 kn = 1, such that [|[T"z — T"y|| < kn|lz — y|| for all z,y € K
and all n € N.

(3) T is called uniformly L-Lipschitzian if there exists a real number L > 0 such that,
| T"x — T"y|| < L||z — y|| for all n € N and all z,y € K.

In 2003, Chidume, Ofoedu and Zegeye [3] further generalized the concept of asymp-
totically nonexpansive self-mapping, and proposed the concept of non-self asymptotically
nonexpansive mapping, which is defined as follows:

Definition 1. Let K be a nonempty subset of a real normed space E and let P : E — K
be a nonexpansive retraction of E onto K.

(1) Mapping T : K — FE is called non-self asymptotically nonexpansive if there
exists a sequence {k,} C [1,00) with lim,_ec kn = 1, such that | T(PT)" 'z —
T(PT)" 'y|| < knllz — y|| for all 2,y € K and n € N.

(2) Mapping T : K — E is said to be a non-self asymptotically quasi-nonexpansive
mapping if F(T') # () and there exists a sequence {kn} C [1, 00) with limn o0 kn =
1, such that ||T(PT)" 'z — p|| < knllz — p|| for all 2,y € K and p € F.
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(3) Nonself mapping T is called uniformly L-Lipschitzian if there exists a real number
L > 0 such that,, |[T(PT)" 'z — T(PT)" 'y|| < L||z — y|| for all n € N and all
z,y € K.

It is easy to see that if T' is an asymptotically nonexpansive mapping and F (T') # &,
then it must be uniformly L-Lipschitzian as well as asymptotically quasi-nonexpansive,
but the converse does not hold. Similarly, it is clear from the above definitions that an
asymptotically nonexpansive nonself mapping must be nonself uniformly L-Lipschitzian
as well as nonself asymptotically quasi-nonexpansive (if F (T') # @).

In 2006, Alber et al. [4] introduced a more general class of asymptotically nonexpan-
sive mappings called total asymptotically nonexpansive mappings. Their aim was to unify
various definitions of classes of mappings associated with the class of asymptotically non-
expansive mappings and to prove a general convergence theorems applicable to all these
classes of nonlinear mappings.

Definition 2. Let K be a nonempty closed subset of a real normed linear space X. A
mapping T : K — K 1is called totally asymptotically nonexpansive if there exist nonnegative
real sequences {un}, {A\n} with pn, A\n — 0 as n — oo and a strictly increasing continuous
function ¢ : R — R with ¢ (0) =0 such that

1Tz — T"y|| < ||z — Y|l + nd (|2 — y||) + A\, for all z,y € K, n > 1. (1.1)

Remark 1. If¢ (X) = A, then 1.1 reduces to ||T"z — T™y|| < (1 + pn) ||z — yl[+An, n > 1.
If p(A) = X and A\, = 0 for all n > 1, then total asymptotically nonezpansive mappings
coincide with asymptotically nonexpansive mappings. In addition, un, = 0 and A, = 0 for
all n > 1, then total asymptotically nonexpansive mappings becomes nonexrpansive map-
pings. If pn =0 and A, = o = max {0, an}, where a, = sup (||T"z — T"y|| — ||z — yl|)
for allm > 1, then 1.1 reduces to ||[T"z — T"y|| < ||z — y|| + an ,which has been studied as
mappings asymptotically nonerpansive in the intermediate sense. The class of mappings
which are asymptotically nonexpansive in the intermediate sense was introduced by Bruck
et al. [1]. It is known [2] that if K is a nonempty closed convex bounded subset of a real
uniformly convexr Banach spaces E and T is a self-mapping of K which is asymptotically
nonexpansive in the intermediate sense, then T has a fixed point.

Strong convergence theorems for iterative processes of finite family of total asymp-
totically nonexpansive mappings in Banach spaces have been studied by Chidume and
Ofoudo [5, 6] and they defined nonself total asymptotically nonexpansive mappings. Hu
and Yang [7] obtained strong convergence theorems for three nonself total asymptotically
nonexpansive mappings in real Banach spaces.

Definition 3. [5|Let K be a nonempty subset of E. Let P : E — K be the nonexpansive
retraction of E onto K. A nonself mapping T : K — FE 1is called total asymptotically
nonezxpansiwe if there exist nonnegative real sequences {un}, {An} with pn, \n — 0 as
n — oo and a strictly increasing continuous function ¢ : R — R with ¢ (0) = 0 such that

|T(PT)" e — T(PT)" y|| < [|z = yll + pnd (llz = yll) + An, for all w,y € K, n > 1.
(1.2)

Definition 4. Let K be a nonempty subset of E and P : E — K be the nonexpansive
retraction of E onto K and F(T) # @. Then the nonself mapping T : K — E is called
total asymptotically quasi-nonezpansive if there exist nonnegative real sequences {un},
{An} with pn, An — 0 as n — o0 and a strictly increasing continuous function ¢ : R — R
with ¢ (0) = 0 such that for all x,y € K and p € F(T),

|7(PT)" 2 — p|| < llz — pll + tnd (|2 — pll) + An.m > 1. (1.3)

Remark 2. If ¢ (\) = A, then (1.2) reduces to | T(PT)" 'z — T(PT)" 'y|| < (1+ pn) ||l
A, > 1. If ¢p(N) = X and A, =0 for all n > 1, then nonself total asymptotically non-
expansive mappings coincide with nonself asymptotically nonexpansive mappings.
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On the other hand, in [8] an asymptotically I-nonexpansive mapping was introduced.
Namely, let T, I : K — K be two mappings of a nonempty subset K of a real normed linear
space X. Then T is said to be asymptotically I-nonexpansive if there exists a sequence
{An} with limy, 00 An = 1 such that ||T"x — T"y|| < A, |[I"z — I"y|| for all z,y € K and
n > 1. T is called asymptotically I-quasi-nonexpansive if F'(T') # @ and for a sequence
{kn} C [1,00) with limp—oc kn = 1, we have ||T"z —p|| < M ||I"2 — p|| for all z,y € K
and p € F.

Recently, Yang and Xie [11] defined the concept of non-self asymptotically I-nonexpansive
mapping as follows:

Definition 5. Let K be a nonempty subset of a real normed space E and P : E — K be
a nonexpansive retraction of E onto K. Let T, 1 : K — E be two mappings.

(1) T is called nonself I-asymptotically nonexpansive if there exists sequence {k,} C

[1,00) with limy,, o0 kn = 1, such that |T(PT)" 'o—T(PT)" 'y|| < k. ||[(PT)" *z—

I(PI)" y|| for all z,y € K and n € N.

(2) T is called nonself I-asymptotically quasi-nonexpansive if F = F(T) N F(I) #
0 and {kn} C [1,00) with lim,—oc kn = 1, such that ||T(PT)" 'z — p| <
kn||I(PT)" 'z — p|| for all z,y € K and p € F.

(3) T is said to be uniformly L-Lipschitzian if there exists L > 0 such that for all
z,y € K and all positive integer n

|IT(PT)" e = T(PT)" " yll < LII(PD)" e = I(PI)" " y||.

Remark 3. From above definitions, it is easy to see that if F(T') is nonempty, an I-
asymptotically nonexpansive mapping must be I-asymptotically quasi-nonexpansive. But
the converse does not hold.

Recently, Mukhamedov and Saburov [9] introduced the the folowing iteration process
for common fixed points of totally asymptotically I-nonexpansive mappings in Banach
spaces. For arbitrary chosen zg € K, {z,} is define as follows:

{ Tpt1 = (1 — an) Tn + an T yy (1.4)

Yn = (1 = Bn)@n + Bl zn

where {an} and {fn} are sequences in [0,1]. And they give the following definition for
totally asymptotically /-nonexpansive mappings.

Definition 6. LetT,I: K — K be two mappings of a nonempty subset K of a real normed
linear space X. A mapping T : K — K is called totally asymptotically I—nonezpansive
if there exist nonnegative real sequences {un}, {An} with pn,\n — 0 as n — oo and a
strictly increasing continuous function ¢ : R — R with ¢ (0) = 0 such that for all z,y € K,

IT"z = T"y|| < 1"z = I"yl| + pn (|1"z = I"y[)) + A, > 1. (1.5)

Note that (1.5) reduces to (1.1) when I = Id (Id is the identity mapping). If ¢ (A) =
A, then one gets ||[T"x — T"y|| < (1 + pn) ||[I"z — I"y|| + An, which is a generalization
of the asymptotically I-nonexpansive mapping. If ¢(A\) = X and X\, = 0 for all n >
1, then total asymptotically I-nonexpansive mappings coincide with asymptotically I-
nonexpansive mappings.

But up to now, non-self totally asymptotically quasi-nonexpansive mappings and non-
self totally I-asymptotically (quasi)nonexpansive mappings has not been defined by any
authors. Therefore we define some new mappings as follows:

Definition 7. Let K be a nonempty subset of E and P : E — K be the nonexpansive
retraction of E onto K. LetT,I : K — E be two mappings. Then the mappingT : K — E
s called totally asymptotically I—mnonexpansive if there exist nonnegative real sequences
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{pn}, {A\n} with pn,A\n = 0 as n — oo and a strictly increasing continuous function
¢ : R — R with ¢ (0) = 0 such that for all z,y € K,

|T(PT)" 'z — T(PT)" ty|| < [[I(PD)" o — I(PI)" 1y (1.6)
+ g (|I(PD)" 'z — I(PI)™ My|) + An.

Definition 8. Let K be a nonempty subset of E and P : E — K be the nonexpansive
retraction of E onto K .Let T, I : K — E be two mappings. Then the mappingT : K — E
is called totally asymptotically I—mnonexpansive if there exrist nonnegative real sequences
{pn}, {An} with pn,An = 0 as n — oo and a strictly increasing continuous function
¢ : R — R with ¢ (0) = 0 such that for allz € K andp € F = F(T')NF(I) # 0,

|T(PT)" 2 — p|| < |[I(PD)" 2 = p|| + pnep (|| I(PD)" " = p|) + Ann > 1. (L.7)

Different types iteration processes for computing fixed points of nonlinear mappings was
studied by various authors (see [7, 8, 11, 12, 16, 17, 18]). Thianwan [12] considered a new
iterative scheme for two nonself asymptotically nonexpansive mappings (called projection
type Ishikawa iteration) as follows:

{xnﬂ = P((1 — an)yn + anTi (PT))" " yn),

Yo = P((1 = B)an + BuTs (PTo)" " 20, n €N, (1.8)

where T1,T> : K — E are nonself asymptotically nonexpansive mappings and {a,} and
{Bn} are appropriate real sequences in [0,1). We modified this iteration process for our
case as follows:

Let K be a nonempty closed convex subset of a real Banach space Fand P: E — K bea
nonexpansive retraction of F onto K. Let T': K — FE be a nonself totally asymptotically I-
quasi-nonexpansive mapping and I be a nonself totally asymptotically quasi-nonexpansive
mapping. Then for two given sequences {a,} and {3,} in [0,1) and zo € K, we shall
consider the following iteration scheme:

Znt1 = P((1 = an)yn + anT (PT)" ' yn), (1.9)
yn = P((1 = Bn)an + Bl (PN '), neN. ‘

2. Preliminaries

Let F be a Banach space with dimension £ > 2. The modulus of E is the function
dr(e) : (0,2] — [0, 1] defined by

. 1
so(e) =it {1 = | S0+ holl =1, Iyl =1, = o =i }.

A Banach space E is uniformly convex if and only if dz(g) > 0 for all € € (0,2].
A Banach space X is said to satisfy Opial’s condition if, for any sequence {z,} in X,
T, — x implies that
limsup ||z, — || < limsup ||z, — y||
n—roo n—oo

for all y € X with y # z, where z, — x means that {z,} converges weakly to z. It is
well know from that all Hilbert spaces and all [, spaces for 1 < p < oo have this property.
Howewer, the L, spaces do not have this property unless p = 2.

Let K be a nonempty closed subset of a real Banach space X and T' : K — K a
mapping. The mapping T said to be semicompact if for any bounded sequence {z,} C K
with lim, e [|#n — Tn|| = 0, there exists a subsequence {zn; } of {zn} such that {zn, }
converges strongly to p € F.

A mapping T' with domain D(T') and range R(T') in E is said to be demiclosed at p if
whenever {z,} is sequence in D(T) such that {z,} converges weakly to z* € D(T) and
{T'z,} converges strongly to p, then T'z* = p.
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Recall that the mapping 7' : K — K with F (T') # 0 is said to satisfy condition (A)
[13] if there is a nondecreasing function f : [0,00) — [0,00) with f(0) =0, f(¢) > 0 for
all ¢ € (0,00) such that ||z — Tz|| > f(d(z, F(T))) for all z € K, where d(z,F(T)) =
inf {||jz — p|| : p € F(T)}. Khan and Fukharuddin [10] modified the condition (A) for two
mappings as follows: Two mappings T1, Tz : K — K are said to satisfy condition (A’)
[10] if there is a nondecreasing function f : [0,00) — [0,00) with f(0) =0, f(¢) > 0 for
all ¢ € (0, 00) such that

2 (ke = Tazl + llo — Taal)) > f (d(a, F)
for all z € K, where d(z, F) = inf {||z — p|| : p € F := F(Th) N F(T2)}.
We need the following lemmas for our main results.

Lemma 1. [14] If {an}, {bn} and {cn} are two sequences of nonnegative real numbers
such that

ant1 < (1+bp)an +cn, n>1.

Suppose that Yo7 by < 00 and Y o7, cn < 00. Then {an} is bounded and lim an, ezists.
n—o0

Lemma 2. [15] Let X be a uniformly convex Banach space and let {tn} be a sequence in
[a,b] for some a,b € (0,1). Suppose that {xn} and {yn} are sequences of X such that

limsup ||z, || < d, limsup ||yn]| < d and lim |[(1 = tn) zn + thyn|| = d
n—oo n—oo n—oo
hold for some d > 0. Then limp—o00 |0 — ynl|| = 0.

3. MAIN RESULTS

In this section, we prove convergence of the iteration sceheme (1.9) to common fixed
point of a nonself total asymptotically I-quasi-nonexpansive mapping and nonself totally
asymptotically quasi-nonexpansive mapping. We shall assume that F = F(T)N F(I) # 0.
In order to prove our main results, the following lemmas are needed.

Lemma 3. Let E be a real Banach space, K be a nonempty subset of E which is also a
nonezpansive retract with retraction P. Let T : K — E be a nonself totally asymptoti-
cally I-quasi-nonezpansive mappings and I : K — K be a nonself totally asymptotically
quasi-nonezpansive mapping. Then there exist nonnegative real sequences {un} , {\n} with
tn, An — 0 as n — oo and strictly increasing continuous function ¢ : R — R with ¢ (0) = 0
such that for all x € K and z* € F

[H(PD)" e — ™| < |z — 2| + pnd ([l = 27])) + An,
|T(PT)" o —2*|| < [[I(PD)" ' — 2™ + pnd (|| I(PD)" 'z — 2™|) + An. (3.1)

Proof. Since T': K — K is a nonself totally asymptotically I-quasi-nonexpansive map-
pings and I : K — K is a totally asymptotically quasi-nonexpansive mapping. Then there
exist nonnegative real sequences {,u;l}, {)\;} and {fin}, {;\n}, n > 1 with p/n, )\/n, fin,s An — 0
(n — oo0) and there exist strictly increasing continuous functions ¢1,¢2 : RT — R with
¢1 (0) = ¢p2 (0) = ¢3 (0) = 0 such that for all z,y € K,

|I(PD)" 'z — 2™ || < [lz — 2" || + findr (2 — 27|)) + An,

|T(PT)" 2 —p|| < [ I(PD)" ‘& — &*|| + e (|[I(PD)" & — 2*|)) + An,n > 1.
Setting

o = max{u;l, i}t A = Inax{)\;, Ants
¢(a) = max{¢1i(a), p2(a)} for a >0,
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then we obtain that there exist nonnegative real sequences {un } and {An} with pn, Ay — 0
as n — oo and strictly increasing continuous function ¢ : R — R with ¢ (0) = 0 such that
for all z € K and z* € F,

[H(PD)" a —a™|| < |z — &" || + pad (2 = 2"[]) + An

|T(PT)" ' —p|| < |[I(PI)" '@ — &*|| + pn (|| I(PD)" ' — 2" ||) + Apym > 1.

This completes the proof. O

Lemma 4. Let E be a real Banach space, K be a nonempty closed conver subset of F
which is also a nonexpansive retract with retraction P. Let T : K — E be a nonself totally
asymptotically I-quasi-nonexpansive mappings and I : K — K be a nonself totally asymp-
totically quasi-nonezpansive mapping with sequences {un},{\n} defined by (3.1) such that
oo hn < 00,207 (A < 00. Assume that there exist M, M* > 0 such that ¢(\) < M*X
for all A > M. Suppose that {an} and {Bn} are two real sequences in [0,1), z* € F and
{zn} is defined by (1.9). Then, {zn} is bounded and the limits lim, o0 ||zn — z*|| and
limp oo d(2n, F) exist, where d(xn, F) = infecp ||zn — p|| -

Proof. Let z* € F. It follows from (1.9) and (3.1) that

lyn — 2"l = [|P((1 = Bn)@n + BuI(PD)" an) — P(z7)|
< (1= Bn) e ="l + Ba | I(PD)" zn — o
< (1= 8n) llzn — [ + Bn llen — pll + pnd (l2n — 27[]) + An]
< llwn — 2l 4 Brpind (lzn — 27[]) + An. (3.2)

Note that ¢ is an increasing function, it follows that ¢ (A) < ¢ (M) whenever A < M and
(by hypothesis) ¢ (A\) < M*X if A > M. In either case, we have

d(A) < (M) + M) (3.3)

for some M, M™ > 0. Thus, from (3.2) and (3.3), we have

lyn — 27| < llzn — 27| + Bopn [¢ (M) + M [lzn — 27[[] + An
< L+ M pn) [len — 27| + Q1 (pn + An) (3.4)
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for some constant @1 > 0. Similarly, from (3.4) we have

[€nt1 —a*[| = ||P((1 = an)yn + anT(PT)" " 'y, — P(z")
< (L= an) llyn =" || + an | T(PT)" 'yn — 2|
< (1= an) [lyn — *[| + an[ | I(P)" " yn — "
+ pnd (TP yn — 2™ |) + An)
< (1= o) llyn — ™| + an[||[I(PD)" 'yn
+ pind (M) + pin M* | I(PI)" yn — 27 || + An]
< (= an)llyn — 27|+ anl(1+ pin
+ tng (M) + An]
< (1= an)llyn — 2" + an[(1 + pn M) (lyn — 2" ||
+ 1 ([[yn — 2"[]) + An) + pnd (M) + An]
< (1= an)llyn — 27| + anl(1 + paM™) ([lyn — 27| + png (M)

+ un M |lyn — 27| + An) + png (M) + An]

< (1= an)llyn — 2"+ an[(1 + M) (1 + pn M) [[yn — 2"
+ ting (M) + An) + pn (M) + An]

< (1= am) llyn — " + anl(1 + 2un M* + (un M*)?) [lyn — z° |
+ (1 + M) (nd (M) + An) + pind (M) + An]

< llyn = 27| + CunM™ + (1 M*)?) |lyn — 27|

+ (1 + M pn) (g (M) + An) + pnd (M) + An

< (14 2 M™ + (4 M™)?) |lyn — 27|

(L+ M pn) (i (M) + An) + pind (M) + An

(14 2pn M + (e M*))(1 + M i) |20 — 27| + Q1 (pin + An)]

(L+ M pn) (i (M) + An) + pin (M) + An

(

(1

(

*

L4 3 M* + 30 (M*)? + (4 M*)?) ||z — 27|
+ M pn) (i (M )+>\n)+un (M) +

IN + IAN+ A+ A

for some constants Mz, Q2 > 0. Since (3.5) is true for each z* in F. This implies that
d(znt1,27) < (1 + Maopin) d(Tn, ") + Q2 (n + An) . (3.6)

From Lemma 1, we obtain that limp oo [|[zn — 2*|| and limy—eo d (zn, F) exist. This
completes the proof. 0

Theorem 1. Let E be a real Banach space, K be a nonempty closed convex subset of
E which is also a nonexpansive retract with retraction P. Let T : K — E be a non-
self uniformly Li-Lipshitzian totally asymptotically I-quasi-nonexpansive mapping and
I : K — K be a nonself uniformly La-Lipshitzian totally asymptotically quasi-nonerpansive
continuous mapping with sequences {pn},{A\n} defined by (3.1) such that Y oo pn <
00, Y2 An < 00. Assume that there exist M, M* > 0 such that ¢(\) < M* A for all
A > M. Suppose that {an} and {B,} are two real sequences in [0,1), F # 0 and {zy} is
defined by (1.9). Then the sequence {xn} converges strongly to a common fized point of T
and I if and only if liminf, o d (zn, F) = 0.
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Proof. The necessity of the conditions is obvious. Thus, we need only prove the sufficiency.
Suppose that liminf,, o d (zn, F) = 0. From Lemma 4, lim, o d (zn, F') exists. But by
hypothesis lim inf,, o0 d (2, F') = 0, therefore we must have lim, o0 d (zn, F) = 0.

Next we show that {z,} is a Cauchy sequence. As 1+ ¢ < exp (¢) for all ¢ > 0, from
(3.6), we obtain

lzni1 — 2" < exp (Mapn) ([lzn — 2" || + Q2 (n + An)) - (3.7)
Thus, for any given m,n, iterating (3.7), we obtain

Hxn+m - -T*H S exp (MZ,Uszrm—l) (”xn«\»nl—l - 117*” + Q2 (Mn+nl—1 -+ )\n+m—1))

n+m—1 nt+m—1
<o 8 M) (o -+ 8 Qe 00

< exp (S5 M) (Jlow = 2711+ Q2 s+ 20

i=n

Therefore,

[€ntm — Tl < [@ntm — [ + [lzn — 27|

< [1 i <exp< 5 Mzmﬂ —

i=n

+ exp(Z: Moap;) <Z: Q2 (ui + )\i)) .
This imply that
|z m = znll < D flan —x*||+D(_Z (uiﬂi)) (3.8)

for same constant D > 0. Taking infimum over z* € F in (3.8) gives

e =l < D)+ D (£ (430

Now, since limp o0 d(Zn, F) = 0 and > (u; + Ai) < oo, given ¢ > 0, there exists an
n

<
Il

integer N1 > 0 such that for all n > N1, d(zn, F) < €/2D and Y (ui + \i) < €/2D.
Consequently, from last inequality we have ||Zp4m — Zn|| < ¢, which means that {z,} is
a Cauchy sequence in F, and completeness of E yield the existence of ¢ € E such that
Zn — q. We now show that ¢ € F. Since T and I are continuous mappings, F'(T') and
F (I) are closed. Hence F' = F(T) N F(I) is a nonempty closed set. Suppose that ¢ ¢ F.
Since F closed subset of E, we have that d (g, F') > 0. But, for all z* € F, we have

lz* —qll < llz" — @nll + [lzn — qll-
This implies
d(z", F) < ||2" — @nl + d (zn, F),
so we obtain d(z*,F) = 0 as n — oo, which contradicts d (z*, F) > 0. Hence, ¢ is a

common fixed point of 7',.S and I. This completes the proof. O

For our next theorems, we start by proving the following lemma which will be needed
in the sequel.

Lemma 5. Let E be a uniformly convex real Banach space, K be a nonempty closed
convez subset of E which is also a nonexpansive retract with retraction P. Let T : K — E
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be a nonself uniformly Li-Lipshitzian totally asymptotically I-quasi-nonexpansive map-
pings and I : K — K be a nonself uniformly La-Lipshitzian totally asymptotically quasi-
nonexpansive mapping with sequences {jin},{An} defined by (3.1) such that Y oo pn <
00,3 2 An < 00. Assume that there exist M, M* > 0 such that $(X) < M X for all
A > M. Let {an} and {Bn} be two real sequences in [e,1 —¢], for some e € (0,1). Suppose

that {xn} is genareted iteratively by (1.9). Then

lim ||zp, — Tan| = lim ||zn — [z,|| = 0.

Proof. For any given z* € F, by Lemma 4, we know that lim, o ||z, — 2*|| exists. As-

sume limp o0 ||zn — 2*|| = d, for some d > 0. From (3.4) and (3.5), we get
llyn — 2" < (L+ M pn) [l2n — 27| + Q1 (1n + An)

and

[Ty = = [HPD" 2 |+ s ([EPD =) +

< [IPD™ yn — 2| + pnd (M)

+ M| I(PD)™ oy — 2™ || + A

< (U4 pa M) [[IPD)" iy — || + padp (M) + A
<A+ M) (lyn — 2" + wnd (llyn — ") + An)
+ pind (M) + An

<A+ unM7) (lyn — 27| + pn M7 [Jyn — 27|

+ 1@ (M) + An) + pind (M) + An

< (L4 M) (L4 pnM7) [lyn — 27|

+ pind (M) + Xn) + pind (M) + An.

Taking lim sup in the inequalities (3.9) and (3.10), we get

lim sup ||y, —2"|| < d

n—o0

and

lim sup ||T(PT)"’71yn —z"|| <lim sup |lyn —z"]| < d.
Also,by using (1.9) we obtain that
d= lim ||zn — 2| = lim ||znt1 — 2|
n—00 n—>00
= nll»H;o [|P((1 = an)yn + anT(PT)" y, — P(z")||
= lim (1 = an)(yn — 2") + an(T(PT)" 'y — z7)]|.
Now using (3.11) with (3.12) and applying Lemma to (3.13) one can finds
lim ||y,,, - T(PT)”flynH =0
n—> 00

On the other hand, from (3.1) we get that
|1(PD)" 2y — 2

= llzn = 2"l + pnd (lzn — ")) + An
Slwn — @[ 4+ pn M™ ||l2n — 27| + pinp (M) + An.

Taking lim sup in the last inequalities, we have

lim sup [|[I(P)" 'zn —2*|| <lim sup [z — 27| < d
n—oo n—oo

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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By (1.9) we get that

[2n+1 = "l = [|P((1 = an)yn + anT(PT)" 'yn — P(a")||
< (1= an) llyn = 2"[| + an [|T(PT)" g — 2|
< (1= an) ln — 1| + o [[T(PT)" g — ]| + a1 — 27
< llyn = 27| + an [|[T(PT)" yn — ynl| - (3.17)

Putting limy, o0 || Zn+1 — 2*|| = d in (3.17), we get
d <lim inf lyn — "] (3.18)
From (3.11) and (3.18), we obtain
lim ||y, —z"|| =d (3.19)
n—r00
It follows from (3.19) and (3.4)

d=lim [lgn — 2" < lim [|(1= Bu)(wn = 2°) + Bu(I(PD)" 20 — 2|

< lim (14 M pp) |on — 2" + Q1 (n + An) < lim ||lzn, —2%|| =d
n—roo n—roQ

and so

dim [(1 = Bn)(wn —27) + Bn(I(PI)" 'z, —a)|| =d (3.20)

Using (3.16) with limp e ||#n — 2*|] = d and applying Lemma 2 to (3.20) we get

lim ||z, — I(PI)" 'z, | =0 (3.21)

n—>00
From y, = P((1 — Bn)2n + Bul(PI)"'2,) and (3.21), we have

lyn = 2all = [|P((L = Bn)zn + Bl (PT)" " 2n) — |
< |1 = Bu)(@n — ) + Bu(I(PD)" 'y — )|
< (1= Ba) ll2n = @all + Bo [I(PD)" 20 - 2
<|I(PD)" oy — |
and this implies that
Jim |y, —2a =0 (3.22)
Because T' is a uniformly L;-Lipshitzian mapping, we have

|lzn — T(PT)"_lan = ||@n — yn +yn — T(PT)"_lcvnH
< len = yall + |lyn — T(PT)" ™ n|
< wn = yall + [lyn — T(PT)" 'ya|
+ || T(PT)"  yn — T(PT)" |
< lzn = yall + ||yn = T(PT)" yn| + L |20 — ynl|
< (14 L) 20 — yall + Jgm — T(PTY" 9]
Therefore, from (3.14) and (3.22) we get

lim ||z, — T(PT)" ‘| =0 (3.23)

n—»00
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Now, we shall show that lim, 0 ||2n — Tzy|| = 0. Firstly, we have
|2n — Tan|| < |Jzn — T(PT)" '2n|| + | T(PT)"  2n — T(PT)" yn|
+||T(PT)" s — T |
< Hwn — T(PT)"_lmnH + L ||zn — ynl|
+ LT (PT)" 2y — ynl| + |20 — ynl])
= Hmn — T(PT)"flmnH + Li|zn — ynll
+ L|an —ynll + L ||T(PT)" yn — yn|| -
By using (3.14), (3.22) and (3.23), one can see that
nan;o [|xn — Tzn|| = 0.
In addition, we have
wn = Tzn| < || — I(PD)" an ||+ [I(PD)" '2n — Tz
< lon = IPD)" au|| + L{[I(PD)" 2z — 20| -
Thus, since I is a uniformly Lo-Lipshitzian mapping and by (3.21) we get
nlLII;o [|zn — Izn|| = 0.
This completes the proof. O
Now, we give some strong convergence theorems and their proofs.

Theorem 2. Let E be a uniformly convex real Banach space, K be a nonempty closed
convez subset of & which is also a nonexpansive retract with retraction P. Let T : K — E
be a nonself uniformly Li-Lipshitzian totally asymptotically I-quasi-nonexpansive map-
pings and I : K — K be a nonself uniformly La-Lipshitzian totally asymptotically quasi-
nonezpansive mapping with sequences {pn},{An} defined by (3.1) such that > oo pin <
00,277 | An < 00. Assume that there exist M, M* > 0 such that ¢(X) < M*X for all
A > M. Let {zn} be the sequence as defined (1.9), where {an} and {B.} are sequences in

[e,1 —¢], for some e € (0,1). If T and I satisfy Condition (A/), then the sequence {xn,}
converges strongly to a common fized point of T and I.

Proof. By Lemmab,

lim ||zp, — Txn| = lim ||zn — [z,|| = 0.
n— oo n— oo
Using Condition (Al) , we get

. . 1
lim f (d (e, F)) = lim = (&~ Tzl + &~ Tal)) = 0.

Since f is a nondecreasing function and f(0) = 0, so it follows that lim, o d (z, F') = 0.
Now applying the Theorem 1, we obtain the result. O

Theorem 3. Let E be a uniformly convex real Banach space, K be a nonempty closed
convex subset of E which is also a nonerpansive retract with retraction P. Let T : K — E
be a nonself uniformly Li-Lipshitzian totally asymptotically I-quasi-nonexpansive map-
pings and I : K — K be a nonself uniformly La-Lipshitzian totally asymptotically quasi-
nonezpansive mapping with sequences {un},{ n} defined by (3.1) such that > oo pn <
00, Y02 An < oo. Assume that there exist M, M* > 0 such that ¢(\) < M*X for all
A > M. Let {xzn} be the sequence as defined (1.9), where {an} and {Bn} are sequences in
[e,1 — €], for some e € (0,1). If one of the mappings T and I is semicompact, then the
sequence {xn} converges strongly to a common fized point of T and I.
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Proof. We may assume that one of the mappings 7" and [ is semicompact. Since
limy—so0 [|Zn — T2n|| = 0 and limy, o0 |2 — I2y|| = 0 from Lemmab, then there exists a
subsequence {mn]} C {xn} such that Tn; = z* and z* € K.Thus we get,

lim [|z* = Tz"|| = lim ||an; — Tan;|| =0
n—r0o0 n—r00 -

and
lim [lz* — Iz"[| = lim_||zn; — Izs; | = 0.

This shows that ™ € F. According to Lemma 4, the limit limp o0 ||2n — || exists. Then

lim ||z, — 2" = lim |zn;, —2"]| =0
n—00 n—r00
which means that {z,} converges to * € F. This completes the proof. d

Finally, we prove our weak convergence theorem.

Theorem 4. Let E be a uniformly convex real Banach space, K be a nonempty closed
convez subset of E which is also a nonexpansive retract with retraction P. Let T : K — E
be a nonself uniformly Li-Lipshitzian totally asymptotically I-quasi-nonexpansive map-
pings and I : K — K be a nonself uniformly Lo-Lipshitzian totally asymptotically quasi-
nonezpansive mapping with sequences {un},{An} defined by (3.1) such that Y oo pun <
00, Y22 An < 00. Assume that there exist M, M* > 0 such that ¢(\) < M*X for all
A > M. Let {xn} be the sequence as defined (1.9), where {an} and {Bn} are sequences in
[e,1—¢], for somee € (0,1). If E—T and E — I are demiclosed at zero then the sequence
{zn} converges weakly to a common fized point of T and I.

Proof. Let p € F . Then by Lemma 4, lim, o ||z — p|| exists. We prove that {x,} has
a unique weak subsequential limit in F. Since {z,} is a bounded sequence in a uniformly
convex Banach space X, there exist two weakly convergent subsequences {z,, } and {xn y }
of {zn}. Let w1 € K and wy € K be weak limits of the subsequences {z,,} and {mnj },
respectively. Since T is demiclosed with respect to zero (by hypothesis) then we obtain
Twi = wi. Similarly, Jw; = wy. That is, w; € F. In the same way, we can prove that
we € F.

Next, we prove the uniqueness. For this, suppose that w1 # ws. Then, by Opial’s
condition, we have

lim ||z, —wi] = lim ||@n, —wi]|
n—ro0 21— 00

N

lim |z, — ws|
i—00

lim ||z, — wa||
—> 00

= Jim [lan, — o]
J—ro0o

A

Jim [lan, — s

= lim ||zn —wi],
n—r00
which is a contradiction. Hence {z,} converges weakly to a point of F. O

Remark 4. Since the class of totally asymptotically quasi-I-nonexpansive mappings in-
cludes totally asymptotically nonexpansive mappings, our results improve and extend the
corresponding ones announced by Ya.l. Alber at. al. [4], Chidume and Ofoedu [5, 6],
Hu and Yang [7] to a case of one mapping. Also, our results generalize results given in
(19, 20, 21, 22].

Remark 5. The iteration process (1.9) can be generalized for a finite families of nonself
totally asymptotically I;-quasi-nonexpansive mappings {T; : j € J}, where {I; : j € J}
is a finite family of nonself totally asymptotically quasi-nonexpansive mappings. (where
J={1,2,...N})
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